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Introduction
Functions in which the independent variable is an index number are called indicial or exponential functions. For example:
f (x) = a x where a > 0 and a ≠ 1 is an exponential function. It can be shown that quantities which increase or decrease by a constant percentage in a particular time can be modelled by an exponential function.
Exponential functions have applications in science and medicine (for example, decay of radioactive material, or growth of bacteria like those shown in the photo), and fi nance (for example, compound interest and reducing balance loans). Chapter 5 Exponential and logarithmic functions
Index laws
Recall that a number, a, which is multiplied by itself n times can be represented in index notation.
a a a a a n a n × × × = …      lots of Index (or power or exponent) Base where a is the base number and n is the index (or power or exponent). a n is read as 'a to the power of n' or 'a to the n'.
Multiplication
When multiplying two numbers in index form with the same base, add the indices. a m × a n = a m + n For example, 2 3 × 2 4 = 2 × 2 × 2 × 2 × 2 × 2 × 2 = 2 7
Division
When dividing two numbers in index form with the same base, subtract the indices. a m ÷ a n = a m − n For example, 2 2 2 2 2 2 2 2 2 2 2 6 2 4 ÷ = × × × × × × =
Raising to a power
To raise an indicial expression to a power, multiply the indices. 
Products and quotients
Note the following.
(ab) n = a n b n For example, (2 × 3)
WoRkED ExaMPlE 1
Simplify. a 2x 3 y 2 × 4x 2 y b (2x 2 y 3 ) 2 × xy (a) when dealing with questions in the form (expression 1) ÷ (expression 2), replace expression 2 with its reciprocal and change ÷ to × (b) remove brackets using laws (d), (e) and (f) (c) collect plain numbers and terms of the same base (d) simplify using laws (a), (b) and (c). 
5B Rational powers
Until now, the indices have all been integers. In theory, an index can be any number. We will confine ourselves to the case of indices which are rational numbers (fractions). 
Similarly, a a a a It is tempting to answer this question using a CAS calculator. But the calculator should be used wisely. To see what happens, On the Main screen complete the entry line as shown on the right.
Then press E.
Note:
The answer provided by the calculator would not be accepted as it is not simplified sufficiently. In these cases, you will need to work through the answer algebraically as shown earlier. Simplify each of the following, expressing your answer with positive index numbers. 
WE6
Evaluate the following without a calculator. 
Indicial equations
We can solve equations of the form x 1 3 2 = as follows:
Take the cube of both sides:
The left-hand side becomes x, so x = 8. However, when the unknown (or variable) is not a base number but is an index number, a different approach is required. 2 Express both sides to the same base.
Remove the brackets by multiplying the powers.
4 Equate the powers.
5 Subtract 3x from both sides to make x the subject.
6 Add 6 to both sides to solve the equation.
WoRkED ExaMPlE 8
More complicated equations can be solved using the same technique.
WoRkED ExaMPlE 9
Solve for n in the following equation. 2 3n × 16 n + 1 = 32 In some cases indicial equations can be expressed in a quadratic form and solved using the Null Factor Law. Look for numbers in index form similar to a 2x and a x appearing in different terms.
Solve for x if 5 2x − 4(5 x ) − 5 = 0. Note that in step 9, the possible solution 5 x = − 1 was rejected because there is no value of x for which it will be satisfi ed. Recall that exponential functions such as 5
x are always positive.
Method 2: using a Cas calculator
If answers are not exact, the CAS calculator can be used to solve indicial equations.
WoRkED ExaMPlE 11
Solve for x given 3 x + =
WE9
Solve for x in each of the following equations:
Solve for x in each of the following.
6 MC Consider the indicial equation 3 2x − 12(3 x ) + 27 = 0. The equation can be solved by making the substitution:
7 MC The quadratic equation formed by the appropriate substitution in question 6 is:
8 MC The solutions to the equation in question 7 are x equals: A 2 or 3 B 1 or 2 C 1 or 3 D 0 or 1 E 0 or 2 9 WE11 Solve for x. Write your answer correct to 2 decimal places.
10 MC The nearest solution to the equation 3 x = 10 is:
Graphs of exponential functions
Functions of the form f (x) = a x , where a is a positive real number other than 1 and x is a real number, are called exponential functions.
ExERCIsE

5C
5D
In general, there are two basic shapes for exponential graphs:
However, in both cases:
• the y-intercept is (0, 1)
• the asymptote is y = 0 (x-axis) • the domain is R
• the range is R + .
Verify the shapes of these graphs by graphing, say y = 2
graphics calculator. What is the effect of changing a on the steepness of the graph?
Reflections of exponential functions
The graph of y a
is obtained by The graph of y = − a x is obtained by reflecting y = a x in the y-axis. reflecting y = a x in the x-axis.
horizontal translations of exponential functions For example, the graph of y = 2 x − 3 is obtained by translating y = 2 x to the right 3 units.
Check this graph using a graphics calculator. Note also that 2 2 2 2 3 3 1 8
so that the effect is identical to that of multiplying by a constant. 
Vertical translations of exponential functions
Dilation from the x-axis
The graph of y = Aa x (for positive, real values of A) has a dilation factor of A. The graph is stretched along the y-axis, away from the x-axis (as each y-value is being multiplied by the constant A). Consider the graphs below. The y-intercept in each case is equal to A. Also, as A increases, the graph becomes steeper; as A decreases, the graph becomes less steep. The domain, range and asymptotes are the same as for
Dilation from the y-axis
The graph of y = a kx (for k > 0) has a dilation factor of 1 k from the y-axis. The graph is said to be stretched along the x-axis. Consider the graphs at right. The y-intercept is (0, 1) in each case. As k increases, the graph becomes steeper and closer to the y-axis. The domain, range and asymptotes are the same as for f (x) = a x .
WoRkED ExaMPlE 12
Find the equation of the asymptote and the y-intercept for each of the following. Hence, sketch the graph of each and state its domain and range.
The graph is the same as y = 2 x translated 3 units left and 5 units down.
3 State the asymptote.
The asymptote is y = − 5.
4 Evaluate y when x = 0 to find the y-intercept. When x = 0, y = 2 3 − 5 = 3 Therefore, the y-intercept is (0, 3).
5 Locate the y-intercept and asymptote on a set of axes.
6 Sketch the graph of the exponential function using the y-intercept and asymptote as a guide.
Asymptote y = 0 7 Use the graph to state the domain and range. The domain is R and the range is ( − 5, ∞).
2 Find the y-intercept by letting x = 0 or recall that the y-intercept is equal to A in
f ( ) 0 3 2 3 2 3 1 3
3 Locate the horizontal asymptote.
The horizontal asymptote is the x-axis. 4 Locate another point on the graph. This is necessary to be able to see the effect of the dilation. Locate the second point by substituting a value for x into the equation and evaluating a corresponding y value.
f ( ) 2 3 2 3 2 3 2 6 2 2 (2, 6) 5 Sketch the graph.
Note: The asymptote remains at y = 0 as there is no vertical translation.
State the domain and the range. The domain is R and the range is R + .
WoRkED ExaMPlE 13
Use a CAS calculator to solve 2 x = 15 (correct to 2 decimal places) by finding the intersection of two graphs. 1. General shapes of graphs of exponential functions:
x , 0 < a < 1 In both cases, the y-intercept is (0, 1), the asymptote is y = 0, the domain = R, and the range = R + .
Reflections: 2.
f
REMEMBER Maths Quest 11 Mathematical Methods Cas for the Casio ClassPad
To locate the point of intersection, tap: 
4 MC a The rule for the graph at right is:
The rule for the graph at right is:
eBook plus eBook plus 5 WE12b Sketch a graph of each of the following, stating the domain and range.
6 Sketch a graph of f (x) = 4 × 2 3x + 3, stating the domain and range. Compare your answer to that found using a CAS calculator. 7 WE13 Use a CAS calculator to solve the following indicial equations using the intersection of two graphs. Give answers rounded to 2 decimal places.
The index, power or exponent (x) in the indicial equation y = a x is also known as a logarithm. This means that y = a x can be written in an alternative form: log a (y) = x, which is read as 'the logarithm of y to the base a is equal to x'.
For example, 3 2 = 9 can be written as log 3 (9) = 2. 10 5 = 100 000 can be written as log 10 (100 000) = 5.
In general, for a > 0 and a ≠ 1: a x = y is equivalent to x = log a (y).
Using the indicial equivalent, it is possible to fi nd the exact value of some logarithms. The index laws can be used to establish corresponding rules for calculations involving logarithms. These rules are summarised in the following table.
Name Rule Restrictions
Logarithm of a product
Logarithm of a quotient log a m n
Logarithm of a power log a (m) n = n log a (m) m > 0 a > 0 and a ≠ 1
Logarithm of the base log a (a) = 1 a > 0 and a ≠ 1
Logarithm of one log a (1) = 0 a > 0 and a ≠ 1
It is important to remember that each rule works only if the base, a, is the same for each term. Note that it is the 'logarithm of a product' and 'logarithm of a quotient' rules that formed the basis for the pre-1970s calculation device for multiplication and division -the slide rule. b log 2 (12) + log 2 (8) − log 2 (3) = log 2 (12 × 8) − log 2 (3) = log 2 (96) − log 2 (3)
2 Apply the 'logarithm of a quotient' law.
= log 2 (96 ÷ 3)
3 Simplify, noting that 32 is a power of 2.
= log 2 (32) = log 2 (2) 5 4 Evaluate using the 'logarithm of a power' and 'logarithm of the base' laws.
= 5 log 2 (2) = 5
WoRkED ExaMPlE 15 WoRkED ExaMPlE 16
Simplify 3 log 2 (5) − 2 log 2 (10).
ThInk WRITE
1 Express both terms as logarithms of index numbers.
3 log 2 (5) − 2 log 2 (10) = log 2 (5) 3 − log 2 (10) 2 2 Simplify each logarithm. = log 2 (125) − log 2 (100) b 1 Express 2 log 10 (x) as log 10 (x) 2 and 1 as a logarithm to base 10 also. b 2 log 10 (x) + 1 = log 10 (x) 2 + log 10 (10) 2 Simplify using the 'logarithm of a product' law. = log 10 (10x) 2 c 1 Express 5 log 10 (x) as log 10 (x) 5 and 2 as 2 log 10 (10). 2 Write the answer. a log 2 (5) = 2.332 b log 7 (8) = 1.069, correct to 3 decimal places.
WoRkED ExaMPlE 18
Maths Quest 11 Mathematical Methods Cas for the Casio ClassPad
On the Main screen, complete the entry line as: log 2 (5) log 7 (8) Press E after each entry. Note: The log template is under the ) tab. If 1. y = a x then log a ( y) = x, where a = the base, x = the power, index or logarithm and y = the base numeral. Note that a > 0, a ≠ 1, and therefore y > 0. Log laws: 2.
(a) log a (m) + log a (n) = log a (mn) 
7 WE 15 Simplify, and evaluate where possible. a log 2 (8) + log 2 (10) b log 3 (7) + log 3 (15) c log 10 (20) + log 10 (5) d log 6 (8) + log 6 (7) e log 2 (20) − log 2 (5) f log 3 (36) − log 3 (12) g log l og ( ) x x can be simplified to:
14 WE 17b Express each of the following in simplest form. a log 3 (27) + 1 b log 4 (16) + 3 c 3 log 5 (2) − 2 d 2 + 3 log 10 (x) e 4 log 3 (2) − 2 log 3 (6) + 2 f (9) e log 3 (4) + log 2 (7) solving logarithmic equations logarithms to the base 10
Logarithms to the base 10 are called common logarithms and can be evaluated using the log function on a calculator. Note: The logarithm of a negative number or zero is not defined. Therefore: log a (x) is defined for x > 0, if a > 0
This can be seen more clearly using index notation as follows: Let n = log a (x.) Therefore, a n = x (indicial equivalent of logarithmic expression). However, a n > 0 for all values of n if a > 0 (positive based exponentials are always positive). Therefore, x > 0.
WoRkED ExaMPlE 19
Find x if log 3 (9) = x − 2.
ThInk WRITE
1 Write the equation. log 3 (9) = x − 2 2 Simplify the logarithm using the 'logarithm of a power' law and the fact that log 3 (3) = 1. log 3 (3 2 ) = x -2 2 log 3 (3) = x -2 2 = x -2 3 Solve for x by adding 2 to both sides.
5F
Solve for x if log 6 (x) = − 2. 
WoRkED ExaMPlE 21
Solve for x given that 2 log x (25) = 4, x > 0. Write as an index equation. Therefore, x 2 = 25.
4
Express both sides of the equation to the same base, 5.
Equate the bases.
Note that x = − 5 is rejected as a solution, because x > 0.
WoRkED ExaMPlE 22
Solve for x correct to 3 decimal places, if 2 x = 7.
ThInk WRITE 1 Write the equation. 2 x = 7 2 Take log 10 of both sides. log 10 (2 x ) = log 10 (7) 3 Use the 'logarithm of a power' law to bring the power, x, to the front of the logarithmic equation.
x log 10 (2) = log 10 (7) 4 Divide both sides by log 10 (2) to get x by itself. Therefore x = log ( ) log ( ) 5 Evaluate the logarithms correct to 4 decimal places, at least one more than the answer requires. This rule applies to any base n, but 10 is the most commonly used base for this solution technique. a log 2 (4) = x b log 9 (1) = x c log 10 1 10
g log 3 (x − 3) = 3 h log 2 (3x + 1) = 4 i log 10 (2x) = 1 j 2 log 6 (3x) = 1 k log 3 (5) − log 3 (4) = log 3 (x) − log 3 (8)
WE21
Solve for x given that: 
= , x must be equal to:
The solution to the equation log 3 (x) − 2 = log 3 (x − 8) is:
5 WE22 Solve the following equations for x, correct to 3 decimal places.
6 MC The nearest solution to the equation 4 x = 5 is:
The nearest solution to the equation 0.6 2x − 1 = 2 is:
logarithmic graphs
The graphs of y = log a (x) and y = a x are refl ections of each other across the line y = x. Functions such as these that are refl ections of each other in the line y = x are called inverses of each other.
Consider the logarithm log a (a x ). This logarithm can be simplifi ed using the log laws.
log a (a
Notice how the logarithm with base a and the exponential with base a have a cancelling effect on one another, demonstrating that they are inverse operations. This is similar to the way that multiplication and division have a cancelling effect. Multiplication and division are also inverse operations of each other.
Consider now the exponential a log a (x) . As the logarithm with base a is the inverse operation to the exponential with base a, the expression a log a (x) simplifi es to give x. That is, a log a (x) = x. The inverse properties of logarithms and exponentials can be used to plot the graphs of logarithmic functions. Alternatively, a table of values can be used. y = log 10 (x) The graph of y = log a (x) does not exist for values of x ≤ 0. It is an increasing function. There is a vertical asymptote along the y-axis, and so there are no y-intercepts. The x-intercept for all values of a is always (1, 0). That's because log a (1) = 0. Another point on the graph is (a, 1). That's because log a (a) = 1. The domain of the function is R + and the range is R.
WoRkED ExaMPlE 23
Sketch the graph of f (x) = log 2 (x).
ThInk WRITE/DRaW
1 Realise that f (x) = log 2 (x) is the inverse of f (x) = 2 x , so these two graphs are refl ections of each other across the line y = x.
Alternatively, recall the basic shape of the logarithmic graph. Sketch the basic shape on a set of axes.
Mark the x-intercept (1, 0).
Mark a second point on the graph (a, 1), which in this case is (2, 1). The functions 1.
f (x) = log a (x) and f (x) = a x are inverse functions. The graphs of these functions are reflections of each other across the line y = x. Taking the logarithm with base 2.
a is the inverse operation to taking the exponential with base a. Then press E.
To swap the x-and y-values and to find the equation of the inverse function, complete the entry line as:
2 WE23 Sketch the graphs of each of the following.
3 Compare the steepness of each of the graphs in question 2, and hence explain how changing the base, a, affects the steepness of a logarithmic graph of the type f (x) = log a (x). 4 Take log 10 of both sides. log 10 (600) = log 10 (2 n )
5 Use the 'logarithm of a power' law to bring the power n to the front of the logarithm.
log 10 (600) = n log 10 (2) 6 Divide both sides by log 10 (2). n = log ( ) log ( ) where W is the weight in kg and t is the number of weeks since recycling was introduced. a Find the weight of rubbish disposed of before recycling starts. b Find the weight of rubbish disposed of after recycling has been introduced for:
i 10 weeks ii 40 weeks. c How long is it after recycling starts until the weight of rubbish disposed of is half its initial value? d i Will the model be realistic in 10 years time?
ii Explain.
9 The number of hectares (N) of forest land destroyed by fire t hours after it started, is given by N = 40 log 10 (500t + 1). a Find the amount of land destroyed after: i 1 hour ii 2 hours iii 10 hours. b How long does the fire take to burn out 155 hectares?
10 A discus thrower competes at several competitions during the year. The best distance, d metres, that he achieves at each consecutive competition is modelled by d = 50 + log 10 (15n), where n is the competition number. a Find the distance thrown at the: i 1st ii 3rd iii 6th iv 10th competition. b Sketch the graph of d versus n. c How many competitions does it take for the thrower to reach a distance of 53 metres?
11 The population, P, of a certain fish t months after being introduced to a reservoir is P = 400(10 0.08t ), 0 ≤ t ≤ 20. After 20 months, fishing is allowed and the population is then modelled by P = 15 000 + 924 log 10 [10(t − 19)], t ≥ 20. a Find the initial population. b Find the population after:
i 5 months ii 15 months iii 25 months iv 40 months. c How long does it take the population to pass 10 000? 12 A ball is dropped from a height of 5 metres and rebounds to 7 10 of its previous height. a Find the rule that describes the height of the ball (h metres) after n bounces. b Find the height after: i 4 bounces ii 8 bounces. c Sketch the graph of the height of the ball after n bounces. 13 A computer appreciates in value by 10% per year. If the computer costs $5000 when new, find: a the rule describing the value, V, of the computer at any time, t years, after purchase. b the value of the computer after 6 years. c the number of years it takes to reach double its original value.
Negative and rational powers a a a n n
Indicial equations
If • a m = a n , then m = n. A graphics calculator may be used to solve indicial equations, using the solve function.
•
Graphs of exponential functions
Reflections:
x , then log a ( y) = x, where a = the base, x = the power, index or logarithm, and y = the base numeral.
Log laws: log A y = log 16 (x) B y = log 2 (x) C y = 2 log 8 (x) D y = log 10 (x) E y = 2 log 10 (x) 19 The inverse of the graph below would be: 
